Abstract. The Willmore conjecture, proposed in 1965, concerns the quest to find the best torus of all. This problem has inspired a lot of mathematics over the years, helping bringing together ideas from subjects like conformal geometry, partial differential equations, algebraic geometry and geometric measure theory.
Introduction
A central theme in Mathematics and particularly in Geometry has been the search for the optimal representative within a certain class of objects. Partially motivated by this principle, Thomas Willmore started in the 1960s the quest for the optimal immersion of a compact surface in three-space. This optimal shape was to be found, presumably, by minimizing a natural energy over all compact surfaces in R 3 of a given topological type. In this survey article we discuss the history and our recent solution of the Willmore conjecture, the problem of determining the best torus among all.
We begin by defining the energy. Recall that the local geometry of a surface in R 3 around a point p is described by the principal curvatures k 1 and k 2 , the maximum and minimum curvatures among all intersections of the surface with perpendicular planes passing through p. The classical notions of curvature of a surface are then the mean curvature H = (k 1 + k 2 )/2 and the Gauss curvature K = k 1 k 2 . With the aforementioned question in mind, Willmore associated to every compact surface Σ ⊂ R 3 a quantity now known as the Willmore energy:
where dµ stands for the area form of Σ. The Willmore energy is remarkably symmetric. It is invariant under rigid motions and scalings, but less obvious is the fact that it is invariant also under the inversion map x → x/|x| 2 . Hence W (F (Σ)) = W (Σ) for any conformal transformation F of three-space. It is interesting that Willmore himself became aware of this fact only after reading the paper of White [62] , The first author was partly supported by CNPq-Brazil and FAPERJ. The second author was partly supported by Marie Curie IRG Grant and ERC Start Grant. many years after he started working on the subject. As we will explain later, this conformal invariance was actually known already in the 1920s.
In applied sciences this energy had already been introduced long ago, to study vibrating properties of thin plates. Starting in the 1810s, Sophie Germain [19] proposed, as the elastic or bending energy of a thin plate, the integral with respect to the surface area of an even, symmetric function of the principal curvatures. The Willmore energy is the simplest possible example (excluding the area fuctional). Similar quantities were considered by Poisson [48] around the same time.
The Willmore energy had also appeared in Mathematics in the 1920s through Blaschke [5] and his student Thomsen [59] , of whose works Willmore was not initially aware. The school of Blaschke was working under the influence of Felix Klein's Erlangen Program, and they wanted to understand the invariants of surface theory in the presence of an action of a group of transformations. This of course included the Möbius group -the conformal group acting on Euclidean space with a point added at infinity.
A natural map studied by Thomsen in the context of Conformal Geometry, named the conformal Gauss map by Bryant (who rediscovered it in [8] ), associates to every point of an oriented compact surface in R 3 its central sphere, the unique oriented sphere having the same normal and mean curvature as the surface at the point. This is a conformal analogue of the Gauss map, that associates to every point of an oriented surface its unit normal vector. If we include planes as spheres of mean curvature zero, the space of oriented spheres in R 3 , denoted here by Q, can be identified with the 4-dimensional Lorentzian unit sphere in the five-dimensional Minkowski space. The basic principle states that applying a conformal map to the surface corresponds to applying an isometry of Q to its conformal Gauss map. Since the area of the image of a closed surface under the conformal Gauss map is equal to the Willmore energy of the surface minus the topological constant 2πχ(Σ), the conformal invariance of W (Σ) becomes apparent this way.
Finally, the Willmore energy has continued to appear in applied fields, like in biology to study the elasticity of cell membranes (it is the highest order term in the Helfrich model [21] ), in computer graphics in order to study surface fairing [37] , or in geometric modeling [7] .
Back to the quest for the best immersion, Willmore showed that round spheres have the least possible Willmore energy among all compact surfaces in three-space. More precisely, he proved that every compact surface Σ ⊂ R 3 satisfies
with equality only for round spheres.
Here is a geometric way to see this. First note that when a plane is translated from very far away and touches the surface for the first time, it will do so tangentially in a point where the principal curvatures share the same sign. At such points the Gauss curvature K = k 1 k 2 must necessarily be nonnegative. Therefore the image of the set of points where K ≥ 0 under the Gauss map N must be the whole S 2 . Since K = det(dN ), the area formula tells us that {K≥0} Kdµ ≥ area(S 2 ) = 4π. The result of Willmore follows because H 2 ≥ K, with equality at umbilical points (k 1 = k 2 ), and the only totally umbilical surfaces of R 3 are the round spheres.
Willmore continued the study of his energy and, having found the compact surface with least possible energy, tried to find the minimizing shape among the class of tori [64] . It is interesting to note that no obvious candidate stands out a priori. To develop intuition about the problem, Willmore considered a special type of torus: he fixed a circle C of radius R in a plane and looked at the tube Σ r of constant radius r < R around C. When r is small, Σ r is very thin and the energy W (Σ r ) is very large. If we keep increasing the value of r, the size of the middle hole of the torus decreases and eventually the hole disappears for r = R. The energy W (Σ r ) becomes arbitrarily large when r approaches R. Therefore the function r → W (Σ r ) must have an absolute minimum in the interval (0, R), which Willmore computed to be 2π 2 .
Up to scaling, the optimal tube in this class has R = √ 2 and r = 1:
In light of his findings, Willmore conjectured that this torus of revolution should minimize the Willmore energy among all tori in three-space:
Conjecture (Willmore, 1965) . Every compact surface Σ of genus one in
It seems at first rather daring to have made such a conjecture after having it tested only for a very particular one-parameter family of tori. On the other hand, the torus that Willmore found is very special and had already appeared in geometry in disguised form. It turns out that there exists a stereographic projection from the unit 3-sphere S 3 ⊂ R 4 minus a point onto Euclidean space R 3 that maps the Clifford torusΣ = S 1 (
We will say more about the Clifford torus later.
In [38] , we proved:
Up to rigid motions, the equality holds only for stereographic projections of the Clifford torus (like Σ √ 2 ). The rigidity statement characterizing the equality case in Theorem 1.1 is optimal because stereographic projections are conformal and, as we have mentioned, the Willmore energy is conformally invariant.
Since Li and Yau [36] had proven in the 1980s that compact surfaces with self-intersections have Willmore energy greater than or equal to 8π, our result implies: Corollary 1.2. The Willmore conjecture holds.
Some particular cases and related results
In this section we survey some of the results and techniques that have been used in understanding the Willmore conjecture. Our emphasis will be in giving a glimpse of the several different ideas and approaches that have been used, instead of giving an exhaustive account of every result proven.
The richness of the problem derives partially from the fact that the Willmore energy is invariant under conformal maps. Since stereographic projections are conformal, one immediate consequence is that the conjecture can be restated for surfaces in the unit 3-sphere S 3 . Indeed, if Σ is a compact surface in S 3 andΣ denotes its image in R 3 under a stereographic projection, then one has
where k 1 , k 2 are the principal curvatures of Σ with respect to the standard metric on S 3 . For this reason we take the right-hand side of the equation above as the definition of the Willmore energy of Σ ⊂ S 3 :
The Willmore conjecture can then be restated equivalently in the following form:
Conjecture (Willmore, 1965) . Every compact surface Σ ⊂ S 3 of genus one must satisfy W(Σ) ≥ 2π 2 .
We need to introduce an important class of surfaces that plays a central role in understanding the Willmore energy, as we will see later. This is the class of minimal surfaces, defined variationally as surfaces that are stationary configurations for the area functional, i.e., those for which the first derivative of the area is zero with respect to any variation.
These surfaces are characterized by the property that their mean curvature H vanishes identically. Hence it follows immediately from the expression for W(Σ) that the Willmore energy of a minimal surface in S 3 is equal to its area. The equators (or great spheres) are the simplest examples of minimal surfaces in S 3 , with area 4π, while the Clifford torus is a minimal surface in S 3 with area 2π 2 . Note that this is compatible with the fact that Σ √ 2 is a stereographic projection of the Clifford torus and W (Σ √ 2 ) = 2π 2 . There are infinitely many known compact minimal surfaces in S 3 . For instance Lawson [35] in the 1970s found embedded orientable minimal surfaces in S 3 of any genus.
Given that the Willmore conjecture was initially tested only for a very particular set of tori in R 3 , the first wave of results consisted in testing the conjecture on larger classes. Willmore himself in 1971 [65] , and independently Shiohama and Takagi [56] , verified the conjecture for tubes of constant radius around a space curve γ in R 3 . An explicit computation gives that such a torus must satisfy
where |k| ≥ 0 is the curvature of the space curve γ. Hence the result follows from Fenchel's Theorem [16] , which establishes γ |k| ds ≥ 2π.
In 1973, Chen [10] checked that every intrinsically flat torus in S 3 has Willmore energy greater than or equal to 2π 2 , with equality only for the Clifford torus. The inverse image under the Hopf map S 3 → S 2 of a closed curve in S 2 is a flat torus in S 3 and thus such examples abound. Chen's Theorem follows from integral geometric arguments that we quickly describe. Given a surface Σ in R k+2 with unit normal bundle B, we have the generalized Gauss map
The total curvature τ k (Σ) is defined as the total (k +1)-volume parametrized by G divided by the volume of S k+1 . Chern-Lashof [12] showed that the total curvature is equal to the average number of critical points of a linear function on Σ. Therefore every torus has total curvature greater than or equal to 4. Through purely local computations, Chen showed that if a torus Σ ⊂ S 3 ⊂ R 4 is flat, then
that combined with the Chern-Lashof inequality implies the result. Later he extended this result to include flat tori in the unit n-sphere S n ( [11] ). See [2] and [60] for other related results. In 1976, Langevin and Rosenberg [34] showed that the Willmore energy of a knotted torus in R 3 is at least 8π. The key estimate was to show that if the torus is knotted then every linear function has at least 8 critical points.
where the first identity follows from the definition of total curvature and the fact that K = det(dN ), while the inequality follows from the Chern-Lashof result. Therefore, since Σ Kdµ = 0 by the Gauss-Bonnet Theorem, we have
This result is reminiscent of the Fary-Milnor Theorem [15, 41] , which states that the total curvature C |k| ds of a knotted closed curve C in R 3 must exceed 4π. In 1978, Weiner [63] checked that the Clifford torus is a critical point with non-negative second variation of the Willmore energy. If this were not the case there would be some small perturbation of the Clifford torus with strictly smaller energy, contradicting the conjecture.
In 1982, Li and Yau [36] were the first to exploit in a crucial way the conformal invariance of the problem. They introduced the important notion of conformal volume of an immersion φ : Σ → S n :
and obtained various striking results. Their ideas, that we describe below, had a lasting impact in Geometry. The results are valid when the ambient space is the unit n-sphere but we restrict ourselves to S 3 for simplicity.
The conformal group of S 3 , modulo isometries, is parametrized by the unit 4-ball B 4 : for each v ∈ B 4 we associate the conformal map
The map F 0 is the identity and, for v = 0, F v is a conformal dilation with fixed points v/|v| and −v/|v|. For illustrative purposes, we note that if B is a geodesic ball in S 3 and p ∈ S 3 , then F tp (B) is a geodesic ball that, as t < 1 tends to 1, could have three types of behavior. It converges to the whole 3-sphere if p is inside B , to the antipodal point −p if p is outside the closure of B, or to the hemisphere touching ∂B tangentially at p in case p is in the boundary of B.
Using these transformations, Li and Yau showed that if a surface Σ contains a k-point p, i.e., if nearby p the surface looks like k small discs containing p, then W(Σ) ≥ 4πk. The proof goes as follows: as t < 1 tends to 1, F tp (Σ) converges to a union of k great spheres (boundaries of hemispheres). Since
by taking the limit as t → 1 we get
One consequence of this result is that the energy of every compact surface is at least 4π (a result we already mentioned). It also follows that the energy of any compact surface that is not embedded, hence contains a double-point at least, must be greater than or equal to 8π. In particular, one can restrict to the class of embedded tori in order to prove the Willmore conjecture.
Another consequence is that every immersed projective plane in R 3 must have Willmore energy greater than or equal to 12π. This is because such projective planes always contain a triple-point at least. Bryant [9] and Kusner [25] found projective planes in R 3 with Willmore energy exactly equal to 12π. All such projective planes were classified in [9] .
In that same paper, Li and Yau also found a region R (see below for an explicit description) in the space of all conformal structures so that if the conformal class of a torus Σ ⊂ S 3 lies in R, then W(Σ) ≥ 2π 2 . The conformal class of the Clifford torus (square lattice) is in the boundary of R. This result relates in an ingenious way the conformal invariance of the Dirichlet energy Σ |∇f | 2 dµ in dimension two with the conformal invariance of the Willmore energy. We discuss briefly the main ideas.
Given a torus Σ ⊂ S 3 , the Uniformization Theorem tells us that Σ is diffeomorphic to R 2 /Γ, where Γ is some lattice in R 2 , and that the induced metric g on Σ is conformal to the Euclidean metric g 0 on R 2 /Γ. The lattice Γ can be chosen to be generated by the vectors (1, 0) and (x, y), with 0 ≤ x ≤ 1/2, y ≥ 0 and x 2 + y 2 ≥ 1.
Recall that the first nontrivial eigenvalue of the Laplacian with respect to g 0 is given by
Li and Yau first prove, through a degree argument, that Σ can be balanced by applying a conformal transformation, i.e. that there exists v 0 ∈ B 4 such that Σ x i • F v 0 dµ g 0 = 0 for every i = 1, . . . , 4. By evaluating the quotient in the right hand side of equation (2) with f = x i • F v 0 , summing over i = 1, . . . , 4 and using the conformal invariance of the Dirichlet energy in dimension two, they show that
Using the conformal invariance of the Willmore energy we have,
where the first inequality comes from the expression of the Willmore energy in S 3 . Putting these two inequalities together Li and Yau obtained that
The left-hand side of the above inequality can be computed for every conformal class of the torus. It turns out that if Γ is in the set R of lattices such that the generators (1, 0) and (x, y) satisfy the additional assumption y ≤ 1, besides 0 ≤ x ≤ 1/2, y ≥ 0 and x 2 + y 2 ≥ 1, then
This finishes Li-Yau's proof that W(Σ) ≥ 2π 2 when the conformal class of Σ lies in R. In 1986, Montiel and Ros [43] found a larger set of lattices, still containing the square lattice on the boundary, for which the Willmore conjecture holds. In 1984, Langer and Singer [32] showed that the energy of every torus of revolution (with possibly noncircular section) in space is greater than or equal to 2π 2 , with equality only for the Clifford torus and dilations of it. The basic fact, observed independently by Bryant and Pinkall, is that if γ is a closed curve in the upper half-plane P = {(x, y, 0) : y > 0}, and Σ is the torus obtained by revolving γ around the x-axis, then
where k −1 is the geodesic curvature of γ computed with respect to the hyperbolic metric on P . Langer and Singer showed that every regular closed curve in the hyperbolic plane satisfies γ k 2 −1 ds ≥ 4π, and the inequality follows. Later, Hertrich-Jeromin and Pinkall [22] extended this computation to a larger class of tori (Kanaltori in German), for which the Willmore energy is still given by a line integral.
The variational problem associated to the Willmore energy is extremely interesting, and many solutions are known that are not of minimizing type. Surfaces that constitute critical points of the Willmore energy are called Willmore surfaces (they were previously called conformal minimal surfaces by Blaschke). The Euler-Lagrange equation for this variational problem, attributed by Thomsen [59] to Schadow, is of fourth order and is the same for surfaces in R 3 or S 3 :
In particular, minimal surfaces are always Willmore and therefore Lawson's minimal surfaces in S 3 provide examples of compact embedded surfaces of any genus that are stationary for the Willmore functional. A classification of all Willmore spheres was achieved in a remarkable work of Bryant [8, 9] , who exploited with significant creativity the conformal invariance of the problem. He discovered that their Willmore energies are always of the form 4πk, with k ∈ N \ {2, 3, 5, 7} (see also [49] ), and that the only embedded ones are the round spheres.
This result had a great impact, so we briefly describe it. Motivated by his finding that the conformal Gauss map of a Willmore surface is a conformal harmonic map, Bryant constructed a quartic holomorphic differential on any such surface. This holomorphic differential must vanish on a topological sphere. Bryant used this fact to show that a Willmore sphere must be the conformal inversion of some minimal surface in R 3 with finite total curvature and embedded ends. It follows from the theory of these minimal surfaces that the Willmore energy of the sphere has to be a multiple of 4π. Finally, Bryant reduced the problem of finding all possible such minimal immersions to a problem in algebraic geometry concerning zeros and poles of meromorphic maps on S 2 , from which he derived his classification. Ejiri, Montiel, and Musso [14, 42, 45] extended this work and classified Willmore spheres in S 4 .
Up to this point, every known Willmore surface was the conformal image of some minimal surface in R 3 or S 3 . Pinkall [50] 
where k is the geodesic curvature of γ. Langer and Singer [33] had shown that there are infinitely many simple closed curves that are critical points of the functional in the right-hand side (these are called elastic curves). Pinkall argued that the inverse image of an elastic curve is a Willmore torus, and that among those the only one that is conformal to a minimal surface in S 3 is the Clifford torus (the inverse image of an equator in S 2 ). Finally, if any of the Pinkall tori were to be the conformal image of some minimal surface S in R 3 , the embeddedness of the torus would imply that S had to be a nonplanar minimal surface asymptotic to a plane. These surfaces do not exist. Later, Ferus and Pedit [17] found more examples of Willmore tori. In 1991, the biologists Bensimon and Mutz [46] (see also [40] ), experimentally verified the Willmore conjecture with the aide of a microscope while studying the physics of membranes! They produced toroidal vesicles in a laboratory and observed that their shape, which according to the Helfrich model should approach the minimizer for the Wilmore energy, was the one predicted by Willmore or one of its conformal images.
The existence of a torus that minimizes the Willmore energy among all tori was proven by Simon [57] in 1993. This result was obtained through a technical tour de force and many of the ideas involved are now widely used in Geometric Analysis. Very briefly, Simon picked a sequence of tori whose energies converge to the least possible value and showed the existence of a limit in some weak measure theoretic sense. Exploiting with great effectiveness the fact that the tori in the sequence are embedded (otherwise the energy would be at least 8π), he obtained that the weak limit must be a smooth embedded surface. A serious difficulty in accomplishing this comes from the conformal invariance of the problem. For instance, one could start with a minimizing torus and apply a sequence of conformal maps so that the images look like some round sphere with increasingly smaller handles attached. In the limit one would obtain a round sphere instead of a torus. To overcome this, Simon showed that every torus can be corrected by applying a carefully chosen conformal map so that it becomes far away in Hausdorff distance from all round spheres. This way he is sure that in his minimization process he will get a limiting surface that is a torus.
More generally, let β g denote the infimum of the Willmore energy among all orientable compact surfaces of genus g. It was independently observed by Kusner and Pinkall (see [24] , [26] , [57] ) that a Lawson minimal surface of genus g, for every g, has area strictly smaller than 8π. This implies β g < 8π. Later Kuwert, Li and Schätzle [29] showed that β g tends to 8π as g tends to infinity.
It is natural to ask whether there exists a genus g surface with energy β g . Note that for every partition g = g 1 + . . . + g k by integers g i ≥ 1, one has
In order to see this take Σ i to be a surface of genus g i with energy arbitrarily close to β g i , i = 1, . . . , k. Apply a conformal map to Σ i to get a surfaceΣ i that can be decomposed into two regions: one that looks like a round sphere of radius one minus a small spherical cap and another one that contains g i small handles. Remove the handle regions for i ≥ 2 and sew them intoΣ 1 to get a surface with g handles and energy close to β g 1 + . . . + β g k − 4(k − 1)π. Simon [57] showed that β g is indeed attained provided there is no partition g = g 1 + . . . + g k by integers g i ≥ 1 with k ≥ 2 such that each β g i is attained and
Bauer and Kuwert [4] , inspired by Kusner [27] , showed that such partitions do not exist, hence β g can be realized by a surface of genus g for all g. More precisely, they show that if M with genus h and N with genus s realize β h and β s , respectively, then a careful connected sum near non-umbilic points of M and N produces a surface with genus g = h + s and Willmore energy stricly smaller than β h + β s − 4π. This suffices to show that (3) never occurs.
Incidentally, one immediate consequence of our Theorem 1.1 is that β g ≥ 2π 2 for all g ≥ 1. Since we also have β g < 8π, it is not difficult to see that partitions as above can never occur.
In 1999, Ros [54] proved the Willmore conjecture for tori in S 3 that are preserved by the antipodal map. (This also follows from the work of Topping [60] on integral geometry.) More precisely, Ros showed that every orientable surface in the projective space RP 3 has Willmore energy greater than or equal to π 2 . His approach was quite elegant and based on the fact, proven by Ritoré and Ros [51] , that of all surfaces which divide RP 3 into two pieces of the same volume, the Clifford torus is the one with least area (which in this case is π 2 ). The result follows because he also proved that the surface induced in RP 3 by an antipodally-symmetric surface of odd genus in S 3 is necessarily orientable.
We now describe the method of Ros because it was inspirational in our approach. An orientable surface Σ in RP 3 must be the boundary of a region Ω, which we can choose so that the volume of Ω is not bigger than half the volume of RP 3 . Next, Ros looked at the region Ω t of points that are at a distance at most t from Ω. For very large t, Ω t will be the whole RP 3 and thus there must exist some t 0 so that the volume of Ω t 0 is equal to half the total volume. The result we mentioned in the previous paragraph implies that area(∂Ω t 0 ) ≥ π 2 . Finally, Ros observed that (4) W(Σ) ≥ area(∂Ω t ) for all t ≥ 0 and thus W(Σ) ≥ π 2 , as he wanted to show. The above inequality is a consequence of more general inequalities due to Heintze and Karcher [20] , and it plays a crucial role in our method as well. We briefly sketch its proof. If N is the normal vector of Σ that points outside Ω, we can consider the map
This map is well defined independently of the representative, x or −x, we choose for [x] . Since ∂Ω t ⊂ ψ t (Σ), we have that
Jac ψ t dµ.
Denoting by k 1 , k 2 the principal curvatures of Σ with principal directions e 1 , e 2 , respectively, so that D e i N = −k i e i , i = 1, 2, we have
One year later, Ros [55] used again the area inequality (4) to show that any odd genus surface in S 3 invariant under the mapping (x 1 , x 2 , x 3 , x 4 ) → (−x 1 , −x 2 , −x 3 , x 4 ) must have Willmore energy greater than or equal to 2π 2 .
Finally, we mention that the understanding of the analytical aspects of the Willmore equation has been greatly improved in recent years thanks primarily to the works of Kuwert, Schätzle (e.g. [28] ) and Rivière (e.g. [52] ). In [28] , Kuwert and Schätzle analyze isolated singularities of Willmore surfaces in codimension one and prove, as a consequence, that the Willmore flow (the L 2 negative gradient flow of the Willmore energy) of a sphere with energy less than 8π exists for all time and becomes round. This uses a blow-up analysis of possible singular behavior of the flow and Bryant's classification of Willmore spheres in codimension one. In [52] , Rivière derives a general weak formulation of the Willmore Euler-Lagrange equation in divergence form, in any codimension, and proves regularity of weak solutions. He also extends the analysis of point singularities of [28] to the higher codimension case. Here is a list of some other current topics of interest, on which there is a lot of activity today: compactness results (modulo the Möbius group) and blow-up analysis of Willmore surfaces, existence of minimizers of the Willmore functional under different constraints (fixed topology, conformal class, isoperimetric ratio), study of Willmore-type functionals in Riemannian manifolds among others. This is a fast paced area with many developments currently taking place and so, instead of listing them exhaustively, we point the reader to the survey article on the Willmore functional of Kuwert and Schätzle [30] , and to the lecture notes of Rivière [53] where an introduction to the analysis of conformally invariant variational problems is provided.
Min-max approach
We now describe the approach we used to solve the Willmore conjecture. As in the previous sections, we appeal to intuition so that we can emphasize the geometric nature of the arguments.
One purpose of the min-max technique is to find unstable critical points of a given functional, i.e., critical points that are not of minimum type. 
The projection on the xy-plane of any path in [γ] has to intersect the diagonal line {(t, t, 0) ∈ R 3 : t ∈ R}, where f vanishes. Hence L ≥ 0. But considering σ(t) = (0, 1 − 2t, −(1 − 2t) 2 ), 0 ≤ t ≤ 1, we see that
Hence L = 0. The tangential projection of ∇f |(0,0,0) on M has to vanish because otherwise we would be able to perturb the path σ near the origin and obtain another pathσ in [γ] with max 0≤t≤1 f (σ(t)) < f (0, 0, 0) = 0. This is impossible because L = 0, and so we have found a critical point of f restricted to M via a variational method.
Note that the same reasoning implies that the index of the critical point has to be less than or equal to one because otherwise the origin would be a strict local maximum for f . Again we would be able to perturb σ to obtain anotherσ in [γ] with max 0≤t≤1 f (σ(t)) < f (0, 0, 0) = 0.
Almgren [1] in the 1960s developed a Min-max Theory for the area functional. His motivation was to produce minimal surfaces (which are critical points for the area functional, as we have mentioned before). The techniques he used come from the field of Geometric Measure Theory, but we will try to keep the discussion with as little technical jargon as possible. This min-max theory applies to more general ambient manifolds, but we restrict to the case of the round 3-sphere for simplicity.
Denote by Z 2 (S 3 ) the space of integral 2-currents with boundary zero, which can be thought of intuitively as the space of oriented Lipschitz closed surfaces in S 3 , with integer multiplicities. For instance, the boundary ∂U of any open set U of finite perimeter is a well-defined element of Z 2 (S 3 ). This space is endowed with the flat topology, according to which two surfaces are close to each other if the volume of the region in between them is very small.
Let I k = [0, 1] k be the unit k-dimensional cube. We will consider continuous functions Φ : I k → Z 2 (S 3 ), and denote by [Φ] the set of all continuous maps Ψ : I k → Z 2 (S 3 ) that are homotopic to Φ through homotopies that fix the maps on ∂I k . We then define
The prototype theorem was proven by Pitts [47] (see also [13] for a nice exposition), a student of Almgren at the time, and states the following.
Then there exists a disjoint collection of smooth, closed, embedded minimal surfaces
for some positive integer multiplicities m 1 , . . . , m N .
The condition L([Φ]) > sup x∈∂I k area(Φ(x)) in the above theorem is important and reflects the fact that [Φ] is capturing some nontrivial topology of Z 2 (S 3 ). One should also expect that the index of Σ, i.e., the maximum number of linearly independent deformations whose linear combinations all decrease the area of Σ, should be no higher than k. This is because the definition of L([Φ)] suggests that Σ is maximized in at most k directions. Due to the technical nature of the subject, this expectation remains to be proven.
It is instructive to study a simple example. The equator S 3 ∩ {x 4 = 0} in S 3 is a minimal surface and its index is one. One way to see that its index is greater than or equal to one is to note that if we move the equator up with constant speed, the area decreases. On the other hand, any deformation of the equator that fixes the enclosed volume cannot decrease the area because the equator is the least area surface that divides S 3 into two pieces of the same volume. Therefore, the index of the equator is exactly one.
To produce the equator using the Almgren-Pitts Min-max Theory we consider the map
and the corresponding homotopy class [
, there is some 0 ≤ t 0 ≤ 1 such that Ψ(t 0 ) divides S 3 in two pieces of identical volume. Hence the area of Ψ(t 0 ) must be bigger than or equal to the area of an equator, and this implies
and thus
The construction of the equator by the Almgren-Pitts min-max theory is so natural that we became interested in the following question:
Can we produce the Clifford torus using a min-max method?
This question is specially suggestive given the following result of Urbano: The proof consists in a very elegant and short argument that we now quickly describe. Denote by L the second variation operator associated to the area functional, i.e., if N is the unit normal vector to Σ, then for every f ∈ C ∞ (Σ) we have
where {P t } −ε<t<ε is a one parameter family of diffeomorphisms generated by a vector field X that satisfies X = f N along Σ.
Let e 1 , . . . , e 4 denote the coordinate vectors in R 4 . An explicit computation shows that the functions N, e i , i = 1, . . . , 4, are eigenfunctions of L on Σ with eigenvalue λ = −2. One can also see that they are linearly independent, unless the minimal surface Σ is an equator. Moreover, it is well known that the first eigenfunction has multiplicity one and so it cannot belong to the span of { N, e 1 , . . . , N, e 4 } (unless again the minimal surface Σ is an equator). Hence, if Σ is not an equator then the index of Σ is at least 5. In case it is equal to 5, Urbano used the Gauss-Bonnet Theorem to show that Σ has to be the Clifford torus.
Motivated by this, we defined a 5-parameter family of surfaces that we explain now after introducing some notation. Let F v be the conformal maps defined in (1) . Given an embedded surface S = ∂Ω, where Ω is a region of S 3 , we denote by S t the surface at distance t from S, which means that S t is given by
and by
Note that S t is not necessarily a smooth surface (due to focal points), but it is nonetheless the boundary of an open set with finite perimeter hence constitutes a well defined element of Z 2 (S 3 ). Given an embedded compact surface Σ ⊂ S 3 , we defined in [38] the canonical family
If Σ is the Clifford torus, then the infinitesimal deformations of Σ (v,t) near (v, t) = (0, 0) correspond to the 5 linearly independent directions described in the proof of Urbano's Theorem. In light of this, we decided to apply the min-max method to the homotopy class of such canonical families in order to produce the Clifford torus. The canonical family also has the great property that
The above inequality is just like inequality (4), while the identity is a consequence of the conformal invariance of the Willmore energy. From these ingredients we devised a strategy to prove the Willmore conjecture. If the homotopy class Π, determined by the canonical family associated to a surface with positive genus, indeed produced the Clifford torus via min-max then we would have from the above inequality that
At this point the question of whether or not the canonical family could produce the Clifford torus by a min-max method was upgraded from an issue on which we had an academic interest to a question which we really wanted to answer. Hence it became important to understand the geometric and topological properties of the canonical family, especially the behavior of Σ (v,t) as (v, t) approaches the boundary of the parameter space Assume v ∈ B 4 converges to p ∈ S 3 . If p does not belong to Σ, then it should be clear that F v (Σ) is pushed into {−p} as v tends to p, and that area(F v (Σ)) converges to zero in this process. When p lies in Σ the situation is more subtle. Indeed, if v approaches p radially, i.e., v = sp with 0 < s < 1, then F sp (Σ) converges, as s tends to 1, to the unique great sphere tangent to Σ at p. Therefore the family of continuous functions in S 3 given by f s (p) = area (Σ sp ) converges pointwise, as s → 1, to a discontinuous function that is zero outside Σ and 4π along Σ.
Therefore, for any 0 < α < 4π and p ∈ Σ, there must exist a sequence {v i } i∈N in B 4 converging to p so that area(Σ v i ) converges to α and thus it is natural to expect that the convergence of F v (Σ) depends on how v approaches p ∈ Σ. A careful analysis revealed that, depending on the angle at which v tends to p, F v (Σ) converges to a round sphere tangent to Σ at p, with radius and center depending on the angle of convergence.
Initially we were somewhat puzzled by this behaviour, but then we realized that, even if this parametrization became discontinuous near the boundary of the parameter space, the closure of the family {Σ (v,t) } (v,t)∈B 4 ×[−π,π] in Z 2 (S 3 ) constituted a nice continuous 5-cycle relative to the space of round spheres G. In other words, the discontinuity of the canonical family was being caused by the parametrization of the conformal maps of S 3 chosen in (1) .
To address this issue we performed a blow-up procedure along the surface Σ and we were able to reparametrize the canonical family by a continuous map Φ : I 5 → Z 2 (S 3 ). The image Φ(I 5 ) is equal to the closure of
(B) Φ(x, 0) = Φ(x, 1) = 0 for any x ∈ I 4 ; (C) for any x ∈ ∂I 4 there exists Q(x) ∈ S 3 such that Φ(x, t) is a sphere of radius πt centered at Q(x) for every t ∈ I. The explicit expression for the center map Q : ∂I 4 → S 3 mentioned in property (C) can be found in [38] .
Finally, we discovered a key topological fact: (D) the degree of the center map Q : S 3 → S 3 is equal to the genus of Σ. Hence it is nonzero by assumption. This point is absolutely crucial because it shows that the topology of the surface Σ, i.e. the information of its genus, determines topological properties of the map Φ : I 5 → Z 2 (S 3 ). Note that if the surface Σ we start with is a topological sphere, our approach could not work because the Willmore conjecture fails in this case. The genus of the surface Σ enters in our approach via property (D).
In [38] , we proved the following result: We now briefly sketch some of the main ideas behind the proof of the 2π 2 Theorem. The first thing to show is that
The proof is by contradiction, hence assume L([Φ]) = 4π. Let R denote the space of all oriented great spheres. This space is canonically homeomorphic to S 3 by identifying a great sphere with its center. With this notation, we have from condition (C) that
Moreover, the degree of the map Φ : ∂I 4 × {1/2} → R ≈ S 3 is equal to deg(Q) by property (D), and thus it is nonzero. For simplicity, suppose we can find Ψ ∈ [Φ] so that
The basic fact is that, given any continuous path γ :
But 4π is the optimal area for the one-parameter min-max in S 3 . Hence
and there must exist some t 0 ∈ (0, 1) such that Ψ(γ(t 0 )) is a great sphere, i.e., such that Ψ(γ(t 0 )) ∈ R.
Using this, we argue in [38] that there should be a 4-dimensional submanifold R in I 5 , separating the top from the bottom of the cube, such that Ψ(R) ⊂ R and ∂R = ∂I 4 × {1/2}. Hence
On the other hand, Ψ = Φ on ∂R = ∂I 4 × {1/2} and so
Because of this strict inequality, we can invoke the Min-max Theorem and obtain a closed minimal surfaceΣ ⊂ S 3 , possibly disconnected and with integer multiplicities, such that L([Φ]) = area(Σ). Since the area of any compact minimal surface in S 3 is at least 4π, we assume thatΣ is connected with multiplicity one. Otherwise L([Φ]) = area(Σ) ≥ 8π > 2π 2 and we would be done.
It is natural to expect thatΣ has index at most five because Φ is defined on a 5-cube. Urbano's Theorem would imply in this case thatΣ should be either an equator or a Clifford torus. But since L([Φ]) = area(Σ) > 4π, the surfaceΣ would have to be a Clifford torus, and then
Because the index estimate in the Almgren-Pitts theory is not available, we had to exploit the extra structure coming from the canonical family to get an index estimate. See [38] for more details. area(Φ(x)) ≤ W(Σ).
In the equality case W(Σ) = 2π 2 , there must exist some (v 0 , t 0 ) such that area(Σ (v 0 ,t 0 ) ) = W(Σ v 0 ) = 2π 2 . With some extra work (see [38] ) we prove that t 0 = 0 and that Σ v 0 is the Clifford torus. Since Σ = F −1 v 0 (Σ v 0 ) and F v 0 is conformal, the rigidity case also follows.
Beyond the Willmore Conjecture
The study of the Willmore energy is a beautiful subject which, as we could see in Sections 2 and 3, has brought together ideas from conformal geometry, geometric analysis, algebraic geometry, partial differential equations and geometric measure theory. Nonetheless many fundamental questions remain unanswered. We finish by discussing some of them.
A basic question is to determine the minimizing shape among surfaces of genus g in R 3 , for g ≥ 2. A conjecture of Kusner [27] states that the minimizer is ξ 1,g , a genus g minimal surface found by Lawson [35] . Some numerical evidence for this conjecture was provided in [23] . It would be interesting to determine the index of ξ 1,2 .
Another natural question is whether the Clifford torus also minimizes the Willmore energy among tori in R 4 . Li and Yau [36] showed that the Willmore energy of any immersed RP 2 in R 4 is greater than or equal to 6π. This value is optimal because of the Veronese surface. It would be nice to have an analogue of Urbano's Theorem in this setting.
For surfaces in CP 2 , Montiel and Urbano [44] showed that the quantity W(Σ) = Σ 2+|H| 2 dµ (the Willmore energy) is conformally invariant. They conjectured that the Clifford torus minimizes the Willmore energy among all tori. The Willmore energy of the Clifford torus in CP 2 is equal to 8π 2 /3 √ 3. For comparison, the Willmore energy of a complex projective line is 2π and there are totally geodesic projective planes with Willmore energy equal to 4π. Montiel and Urbano also showed that the Willmore energy of complex tori is greater than or equal to 6π > 8π 2 /3 √ 3, which gives some evidence towards their conjecture. If answered positively, this conjecture would help in finding the nontrivial Special Lagrangian cone in C 3 with least possible density.
Another interesting problem [26] is to determine the infimum of the Willmore energy in R 3 or R 4 among all non-orientable surfaces of a given genus or among all surfaces in a given regular homotopy class (for instance, in the regular homotopy class of a twisted torus). As far as we know, it is not even known whether the minimum is attained. In a related problem, Kusner [27] conjectured that a surface in R 4 with Willmore energy smaller than 6π has to be a sphere.
The study of the gradient flow of the Willmore energy, referred to as the Willmore flow, also suggests many unanswered questions. For instance, it is not known whether the flow develops finite time singularities. There is numerical evidence [6, 39] showing that it can happen. From Bryant's classification ( [8] ), we know that the lowest energy of a non-umbilical immersed Willmore sphere is 16π. Hence one would expect that Willmore spheres with energy 16π could be perturbed so that the flow exists for all time and converges to a round sphere. Lamm and Nguyen classified the singularity models that could potentially arise in this situation [31] .
There is an interesting relation with the process of turning a sphere inside out. The existence of these deformations, called sphere eversions, was discovered by Smale long ago [58] . The point is that, by a result of Banchoff and Max [3] , every sphere eversion must pass through a sphere that has at least one quadruple point. The Willmore energy of such sphere is by Li-Yau's Theorem greater than or equal to 16π. The existence of a Willmore flow line connecting a Willmore sphere of energy 16π to a round sphere would therefore provide an optimal sphere eversion. This possibility was proposed by Kusner and confirmed experimentally in [18] .
